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Abstract
All candidates to the weakly-irreducible not irreducible holonomy algebras of Lorentzian
manifolds are known. In the present paper metrics that realize all these candidates as
holonomy algebras are given. This completes the classification of the Lorentzian holonomy
algebras. Also new examples of metrics with the holonomy algebras g2 ⋉ R
7 ⊂ so(1, 8)
and spin(7)⋉R8 ⊂ so(1, 9) are constructed.
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Introduction
The classification of the holonomy algebras for Riemannian manifolds is a well-known classical
result. By the Borel-Lichnerowicz theorem a Riemannian manifold is locally a product of
Riemannian manifolds with irreducible holonomy algebras ([9]). In 1955 M. Berger gave a list
of possible irreducible holonomy algebras of Riemannian manifolds, see [8]. Later, in 1987 R.
Bryant constructed metrics for the exceptional algebras of this list, see [13]. For more details
see [1, 7, 21].
The classification problem for the holonomy algebras of pseudo-Riemannian manifolds is still
open. The main difficulty is that the holonomy algebra can preserve an isotropic subspace of
the tangent space. A subalgebra g ⊂ so(r, s) is called weakly-irreducible if it does not preserve
any nondegenerate proper subspace of Rr,s. The Wu theorem states that a pseudo-Riemannian
manifold is locally a product of pseudo-Riemannian manifolds with weakly-irreducible holonomy
algebras, see [28]. So, it is enough to consider only weakly-irreducible holonomy algebras. If
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a holonomy algebra is irreducible, then it is weakly-irreducible. In [8] M. Berger gave also a
classification of possible irreducible holonomy algebras for pseudo-Riemannian manifolds, but
there is no classification for weakly-irreducible not irreducible holonomy algebras for general
pseudo-Riemannian manifolds. About the Lorentzian case see below. There are some partial
results for holonomy algebras of pseudo-Riemannian manifolds of signature (2, N), see [20, 17,
18], and (N,N), see [6].
We consider the holonomy algebras of Lorentzian manifolds. From Berger’s list it follows that
the only irreducible holonomy algebra of Lorentzian manifolds is so(1, n + 1), see [14] and [12]
for direct proofs of this fact. In 1993 L. Berard Bergery and A. Ikemakhen classified weakly-
irreducible not irreducible subalgebras of so(1, n + 1), see [5]. More precisely, they divided
these subalgebras into 4 types, and associated to each such subalgebra g ⊂ so(1, n + 1) a
subalgebra h ⊂ so(n), which is called the orthogonal part of g. In [16] more geometrical proof
of this result was given. The Lie algebras of type 1 and 2 have the forms (R ⊕ h) ⋉ Rn and
h ⋉ Rn respectively. The Lie algebras of type 3 and 4 can be obtained from the first two by
some twistings. Recently T. Leistner proved that if g ⊂ so(1, n + 1) is the holonomy algebra
of a Lorentzian manifold, then its orthogonal part h ⊂ so(n) is the holonomy algebra of a
Riemannian manifold, see [22, 23, 24, 25]. This gives a list of possible holonomy algebras for
Lorentzian manifolds (Berger algebras). To complete the classification of holonomy algebras
one must prove that all Berger algebras can be realized as holonomy algebras. In [5] were
given metrics that realize all Berger algebras of type 1 and 2. In [10, 11] Ch. Boubel studied
possible shapes of local metrics for Lorentzian manifolds with weakly-irreducible not irreducible
holonomy algebras. In particular, he gave equivalent conditions for such manifolds to have the
holonomy of type 1,2,3 or 4 and parameterized the set of germs of metrics giving a holonomy
algebra of each type. In [26] K. Sfetsos and D. Zoakos constructed metrics with the holonomy
algebras su(2)⋉R4 ⊂ so(1, 5), su(3)⋉ R6 ⊂ so(1, 7) and g2 ⋉R7 ⊂ so(1, 8).
In the present paper we construct metrics that realize all Berger algebras as holonomy algebras.
The method of the construction generalizes an example of A. Ikemakhen given in [19]. The
coefficients of the constructed metrics are polynomial functions, hence the holonomy algebra at
a point is generated by the values of the curvature tensor and of its derivatives at this point, and
it can be computed. This completes the classification of the holonomy algebras of Lorentzian
manifolds. As application we construct new examples of metrics with the holonomy algebras
g2 ⋉R
7 ⊂ so(1, 8) and spin(7)⋉R8 ⊂ so(1, 9).
Acknowledgements. I would like to thank Dmitri Vladimirovich Alekseevsky for introducing
me to the Lorentzian holonomy algebras and for his careful attention to my work during the
last four years. I am grateful to Charles Boubel, who took my attention to the problem of
construction of metrics. I thank the Erwin Schro¨dinger Institute, where the work on this paper
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1 Preliminaries
Let (R1,n+1, η) be a Minkowski space of dimension n+2, where η is a metric on Rn+2 of signature
(1, n + 1). We fix a basis p, e1, ..., en, q of R
1,n+1 such that the Gram matrix of η has the form

0 0 1
0 En 0
1 0 0

, where En is the n-dimensional identity matrix. We will denote by Rn ⊂ R1,n+1
the Euclidean subspace spanned by the vectors e1, ..., en.
Definition 1 A subalgebra g ⊂ so(1, n+1) is called irreducible if it does not preserve any proper
subspace of R1,n+1; g is called weakly-irreducible if it does not preserve any nondegenerate proper
subspace of R1,n+1.
Obviously, if g ⊂ so(1, n+ 1) is irreducible, then it is weakly-irreducible.
Denote by so(1, n+1)Rp the subalgebra of so(1, n+1) that preserves the isotropic line Rp. The
Lie algebra so(1, n+ 1)Rp can be identified with the following matrix algebra
so(1, n+ 1)Rp =




a X 0
0 A −X t
0 0 −a


∣∣∣∣∣∣∣∣ a ∈ R, X ∈ R
n, A ∈ so(n)

 .
The above matrix can be identified with the triple (a, A,X). Define the following subalgebras
of so(1, n+1)Rp, A = {(a, 0, 0)|a ∈ R}, K = {(0, A, 0)|A ∈ so(n)} and N = {(0, 0, X)|X ∈ Rn}.
We see that A commutes with K, and N is a commutative ideal. We also see that
[(a, A, 0), (0, 0, X)] = (0, 0, aX + AX).
We have the decomposition
so(1, n+ 1)Rp = (A⊕K)⋉N = (R⊕ so(n))⋉ Rn.
If a weakly-irreducible subalgebra g ⊂ so(1, n + 1) preserves a degenerate proper subspace
U ⊂ R1,n+1, then it preserves the isotropic line U ∩ U⊥, and g is conjugated to a weakly-
irreducible subalgebra of so(1, n+ 1)Rp.
Let h ⊂ so(n) be a subalgebra. Recall that h is a compact Lie algebra and we have the
decomposition h = h′ ⊕ z(h), where h′ is the commutant of h and z(h) is the center of h ([27]).
The following result is due to L. Berard Bergery and A. Ikemakhen.
Theorem [5] A subalgebra g ⊂ so(1, n + 1)Rp is weakly-irreducible if and only if g belongs to
one of the following types
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type 1. g1,h = (R⊕h)⋉Rn =




a X 0
0 A −X t
0 0 −a


∣∣∣∣∣∣∣∣ a ∈ R, A ∈ h, X ∈ R
n

, where h ⊂ so(n)
is a subalgebra;
type 2. g2,h = h⋉ Rn =




0 X 0
0 A −X t
0 0 0


∣∣∣∣∣∣∣∣ A ∈ h, X ∈ R
n

;
type 3. g3,h,ϕ = {(ϕ(A), A, 0)|A ∈ h} ⋉ Rn =




ϕ(A) X 0
0 A −X t
0 0 −ϕ(A)


∣∣∣∣∣∣∣∣ A ∈ h, X ∈ R
n

,
where h ⊂ so(n) is a subalgebra with z(h) 6= {0}, and ϕ : h→ R is a non-zero linear map
with ϕ|h′ = 0;
type 4. g4,h,m,ψ = {(0, A,X + ψ(A))|A ∈ h, X ∈ Rm}
=




0 X ψ(A) 0
0 A 0 −X t
0 0 0 −ψ(A)t
0 0 0 0


∣∣∣∣∣∣∣∣∣∣
A ∈ h, X ∈ Rm


, where 0 < m < n is an integer,
h ⊂ so(m) is a subalgebra with dim z(h) ≥ n−m, and ψ : h→ Rn−m is a surjective linear
map with ψ|h′ = 0.
Definition 2 The subalgebra h ⊂ so(n) associated to a weakly-irreducible subalgebra g ⊂
so(1, n+ 1)Rp in the above theorem is called the orthogonal part of g.
Let (M, g) be a Lorentzian manifold of dimension n + 2 and g the holonomy algebra (that is
the Lie algebra of the holonomy group) at a point x ∈M . By Wu’s theorem (see [28]) (M, g) is
locally indecomposable, i.e. is not locally a product of two pseudo-Riemannian manifolds if and
only if the holonomy algebra g is weakly-irreducible. If the holonomy algebra g is irreducible,
then g = so(TxM, gx) ([8]). So we may assume that it is weakly-irreducible and not irreducible.
Then g preserves an isotropic line ℓ ⊂ TxM . We can identify the tangent space TxM with
R
1,n+1 such that gx corresponds to η and ℓ corresponds to the line Rp. Then g is identified with
a weakly-irreducible subalgebra of so(1, n+ 1)Rp.
Let W be a vector space and f ⊂ gl(W ) a subalgebra.
Definition 3 The vector space
R(f) = {R ∈ Hom(W ∧W, f)|R(u ∧ v)w +R(v ∧ w)u+R(w ∧ u)v = 0 for all u, v, w ∈ W}
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is called the space of curvature tensors of type f. Denote by L(R(f)) the vector subspace of f
spanned by R(u ∧ v) for all R ∈ R(f), u, v ∈ W,
L(R(f)) = span{R(u ∧ v)|R ∈ R(f), u, v ∈ W}.
A subalgebra f ⊂ gl(W ) is called a Berger algebra if L(R(f)) = f.
From the Ambrose-Singer theorem ([2]) it follows that if g ⊂ so(1, n + 1)Rp is the holonomy
algebra of a Lorentzian manifold, then g is a Berger algebra.
Let h ⊂ so(n) be a subalgebra.
Definition 4 The vector space
P(h) = {P ∈ Hom(Rn, h)| η(P (u)v, w) + η(P (v)w, u) + η(P (w)u, v) = 0 for all u, v, w ∈ Rn}
is called the space of weak-curvature tensors of type h. A subalgebra h ⊂ so(n) is called a
weak-Berger algebra if L(P(h)) = h, where
L(P(h)) = span{P (u)|P ∈ P(h), u ∈ Rn}
is the vector subspace of h spanned by P (u) for all P ∈ P(h) and u ∈ Rn.
The following theorem was proved in [15].
Theorem [15] A weakly-irreducible subalgebra g ⊂ so(1, n + 1)Rp is a Berger algebra if and
only if its orthogonal part h ⊂ so(n) is a weak-Berger algebra.
Recently T. Leistner proved the following theorem.
Theorem [22, 23, 24, 25] A subalgebra h ⊂ so(n) is a weak-Berger algebra if and only if h is
a Berger algebra.
Recall that from the classification of Riemannian holonomy algebras it follows that a subalgebra
h ⊂ so(n) is a Berger algebra if and only if h is the holonomy algebra of a Riemannian manifold.
Thus a subalgebra g ⊂ so(1, n+ 1) is a weakly-irreducible not irreducible Berger algebra if and
only if g is conjugated to one of the subalgebras g1,h, g2,h, g3,h,ϕ, g4,h,m,ψ ⊂ so(1, n + 1)Rp, where
h ⊂ so(n) is the holonomy algebra of a Riemannian manifold.
To complete the classification of Lorentzian holonomy algebras we must realize all weakly-
irreducible Berger subalgebra of so(1, n + 1)Rp as the holonomy algebras. There are some
examples.
Example [5]. In 1993 L. Berard Bergery and A. Ikemakhen realized the weakly-irreducible
Berger subalgebra of so(1, n+1)Rp of type 1 and 2 as the holonomy algebras. They constructed
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the following metrics. Let h ⊂ so(n) be the holonomy algebra of a Riemannian manifold.
Let x0, x1, ..., xn, xn+1 be the standard coordinates on Rn+2, h be a metric on Rn with the
holonomy algebra h, and f(x0, ..., xn+1) be a function with ∂f
∂x1
6= 0,..., ∂f
∂xn
6= 0. If ∂f
∂x0
6= 0, then
the holonomy algebra of the metric
g = 2dx0dxn+1 + h+ f · (dxn+1)2
is g1,h. If ∂f
∂x0
= 0, then the holonomy algebra of the metric g is g2,h.
In the next section we will construct metrics that realize all weakly-irreducible Berger algebras.
We will use the space P(h) and the fact that h = L(P(h)). The idea of the constructions is
given by the following example of A. Ikemakhen.
Example [19]. Let x0, x1, ..., x5, x6 be the standard coordinates on R7. Consider the following
metric
g = 2dx0dx6 +
5∑
i=1
(dxi)2 + 2
5∑
i=1
uidxidx6,
where
u1 = −(x3)2 − 4(x4)2 − (x5)2, u2 = u4 = 0,
u3 = −2√3x2x3 − 2x4x5, u5 = 2√3x2x5 + 2x3x4.
The holonomy algebra of this metric at the point 0 is g2,ρ(so(3)) ⊂ so(1, 6), where ρ : so(3) →
so(5) is the representation given by the highest irreducible component of the representation
⊗2 id : so(3)→ ⊗2so(3). The image ρ(so(3)) ⊂ so(5) is spanned by the matrices
A1 =

 0 0 −1 0 00 0 √3 0 0
1 −
√
3 0 0 0
0 0 0 0 −1
0 0 0 1 0

 , A2 =
(
0 0 0 −4 0
0 0 0 0 0
0 0 0 0 −2
4 0 0 0 0
0 0 2 0 0
)
, A3 =

 0 0 0 0 −10 0 0 0 −√30 0 0 −1 −1
0 0 1 0 0
1
√
3 1 0 0

 .
We have prso(n)
(
R
(
∂
∂x3
, ∂
∂x6
)
0
)
= A1, prso(n)
(
R
(
∂
∂x4
, ∂
∂x6
)
0
)
= A2, prso(n)
(
R
(
∂
∂x5
, ∂
∂x6
)
0
)
= A3
and prso(n)
(
R
(
∂
∂x1
, ∂
∂x6
)
0
)
= prso(n)
(
R
(
∂
∂x2
, ∂
∂x6
)
0
)
= 0.
Note the following. Let P ∈ Hom(Rn, h) be a linear map defined as follows P (e1) = P (e2) = 0,
P (e3) = A1, P (e4) = A2 and P (e5) = A3. We have P ∈ P(h), P (Rn) = h and prso(n)
(
R
(
∂
∂xi
, ∂
∂x6
)
0
)
=
P (ei) for all 1 ≤ i ≤ 5.
2 Main results
In this section we will construct metrics that for any Riemannian holonomy algebra h ⊂ so(n)
realize the Lie algebras g1,h, g2,h, g3,h,ϕ and g4,h,m,ψ (if g3,h,ϕ and g4,h,m,ψ exist) as holonomy
algebras.
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Recall that the Lie algebra g3,h,ϕ exists only for h ⊂ so(n) with z(h) 6= {0} and the Lie algebra
g4,h,m,ψ exists only for h ⊂ so(m) with dim z(h) ≥ n−m.
Constructions of the metrics. Let h ⊂ so(n) be the holonomy algebra of a Riemannian
manifold. The Borel-Lichnerowicz theorem ([9]) states that we have an orthogonal decomposi-
tion
R
n = Rn1 ⊕ · · · ⊕ Rns ⊕ Rns+1 (1)
and the corresponding decomposition into the direct sum of ideals
h = h1 ⊕ · · · ⊕ hs ⊕ {0} (2)
such that h annulates Rns+1, hi(R
nj) = 0 for i 6= j, and hi ⊂ so(ni) is an irreducible subalgebra
for 1 ≤ i ≤ s. Moreover, the Lie algebras hi are the holonomy algebras of Riemannian manifolds.
Note that we have ([22, 15])
P(h) = P(h1)⊕ · · · ⊕ P(hs). (3)
We will assume that the basis e1, ..., en of R
n is compatible with the above decomposition of
R
n.
Let n0 = n1 + · · ·+ns = n− ns+1. We see that h ⊂ so(n0) and h does not annulate any proper
subspace of Rn0. Note that in the case of the Lie algebra g4,h,m,ψ we have 0 < n0 ≤ m.
We will always assume that the indices b, c, d, f run from 0 to n + 1, the indices i, j, k, l run
from 1 to n, the indices iˆ, jˆ, kˆ, lˆ run from 1 to n0, the indices
ˆˆi, ˆˆj,
ˆˆ
k,
ˆˆ
l run from n0 + 1 to n, and
the indices α, β, γ run from 1 to N . In case of the Lie algebra g4,h,m,ψ we will also assume that
the indices i˜, j˜, k˜, l˜ run from n0 + 1 to m and the indices
˜˜i, ˜˜j,
˜˜
k,
˜˜
l run from m+ 1 to n. We will
use the Einstein rule for sums.
Let (Pα)
N
α=1 be linearly independent elements of P(h) such that the subset {Pα(u)|1 ≤ α ≤
N, u ∈ Rn0} ⊂ h generates the Lie algebra h. For example, it can be any basis of the vector
space P(h). We have Pα|Rns+1 = 0 and Pα can be considered as linear maps Pα : Rn0 → h ⊂
so(n0). For each Pα define the numbers P
kˆ
αjˆiˆ
such that Pα(eiˆ)ejˆ = P
kˆ
αjˆiˆ
ekˆ. Since Pα ∈ P(h), we
have
P jˆ
αkˆiˆ
= −P kˆ
αjˆiˆ
and P kˆ
αjˆiˆ
+ P iˆ
αkˆjˆ
+ P jˆ
αiˆkˆ
= 0. (4)
Define the following numbers
akˆ
αjˆiˆ
=
1
3 · (α− 1)!
(
P kˆ
αjˆiˆ
+ P kˆ
αiˆjˆ
)
. (5)
We have
akˆ
αjˆiˆ
= akˆ
αiˆjˆ
. (6)
From (4) it follows that
P kˆ
αjˆiˆ
= (α− 1)!
(
akˆ
αjˆiˆ
− ajˆ
αkˆiˆ
)
and akˆ
αjˆiˆ
+ aiˆ
αkˆjˆ
+ ajˆ
αiˆkˆ
= 0. (7)
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Let x0, ..., xn+1 be the standard coordinates on Rn+2. Consider the following metric
g = 2dx0dxn+1 +
n∑
i=1
(dxi)2 + 2
n0∑
iˆ=1
uiˆdxiˆdxn+1 + f · (dxn+1)2, (8)
where
uiˆ = aiˆ
αjˆkˆ
xjˆxkˆ(xn+1)α−1 (9)
and f is a function that will depend on the type of the holonomy algebra that we wish to
obtain.
For the Lie algebra g3,h,ϕ (if it exists) define the numbers
ϕαiˆ =
1
(α− 1)!ϕ(Pα(eiˆ)). (10)
For the Lie algebra g4,h,m,ψ (if it exists) define the numbers ψ
αiˆ˜˜i
such that
1
(α− 1)!ψ(Pα(eiˆ)) =
n∑
˜˜
i=m+1
ψ
αiˆ˜˜i
e˜˜
i
. (11)
Suppose that f(0) = 0, then g0 = η and we can identify the tangent space to R
n+2 at 0 with
the vector space R1,n+1.
Theorem 1 The holonomy algebra hol0 of the metric g at the point 0 ∈ Rn+2 depends on the
function f in the following way
f hol0
(x0)2 +
∑n
ˆˆ
i=n0+1
(x
ˆˆ
i)2 g1,h∑n
ˆˆ
i=n0+1
(x
ˆˆ
i)2 g2,h
2x0ϕαiˆx
iˆ(xn+1)α−1 +
∑n
ˆˆ
i=n0+1
(x
ˆˆ
i)2 g3,h,ϕ(if z(h) 6= {0})
2ψ
αiˆ˜˜i
xiˆx
˜˜
i(xn+1)α−1 +
∑m
i˜=n0+1
(xi˜)2 g4,h,m,ψ(if dim z(h) ≥ n−m)
As the corollary we get the classification of the weakly-irreducible not irreducible Lorentzian
holonomy algebras.
Theorem 2 A weakly-irreducible not irreducible subalgebra g ⊂ so(1, n + 1) is the holon-
omy algebra of a Lorentzian manifold if and only if g is conjugated to one of the subalgebras
g1,h, g2,h, g3,h,ϕ, g4,h,m,ψ ⊂ so(1, n+ 1)Rp, where h ⊂ so(n) is the holonomy algebra of a Rieman-
nian manifold.
From theorem 2, Wu’s theorem and Berger’s list it follows that the holonomy algebra hol ⊂
so(1, N+1) of any Lorentzian manifold of dimension N+2 has the form hol = g⊕h1⊕· · ·⊕hr,
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where either g = so(1, n + 1) or g is a Lie algebra from theorem 2, and hi ⊂ so(ni) are the
irreducible holonomy algebras of Riemannian manifolds (N = n+ n1 + · · ·+ nr).
Explanation of the idea of the constructions. Now we compare our method of construc-
tions with the example of A. Ikemakhen. Let us construct the metric for g2,ρ(so(3)) ⊂ so(1, 6)
by our method. Take P ∈ P(ρ(so(3))) defined as P (e1) = P (e2) = 0, P (e3) = A1, P (e4) = A2
and P (e5) = A3. By our constructions, we have
g = 2dx0dx6 +
5∑
i=1
(dxi)2 + 2
5∑
i=1
uidxidx6,
where
u1 = −2
3
((x3)2 + 4(x4)2 + (x5)2), u2 = 2
√
3
3
((x3)2 − (x5)2),
u3 = 2
3
(x1x3 −√3x2x3 − 3x4x5 − (x5)2), u4 = 8
3
x1x4,
u5 = 2
3
(x1x5 +
√
3x2x5 + 3x3x4 + x3x5).
We still have prso(n)
(
R
(
∂
∂x3
, ∂
∂x6
)
0
)
= A1, prso(n)
(
R
(
∂
∂x4
, ∂
∂x6
)
0
)
= A2, prso(n)
(
R
(
∂
∂x5
, ∂
∂x6
)
0
)
=
A3 and prso(n)
(
R
(
∂
∂x1
, ∂
∂x6
)
0
)
= prso(n)
(
R
(
∂
∂x2
, ∂
∂x6
)
0
)
= 0.
The reason why we obtain another metric is the following. The idea of our constructions is to
find the constants akˆ
αjˆiˆ
such that
prso(n)
(
R
(
∂
∂xiˆ
, ∂
∂xn+1
)
0
)
= P1(eiˆ),
...,
prso(n)
(
∇N−1R
(
∂
∂xiˆ
, ∂
∂xn+1
; ∂
∂xn+1
; · · · ; ∂
∂xn+1
)
0
)
= PN(eiˆ).
These conditions give us the system of equations
 (α− 1)!
(
akˆ
αjˆiˆ
− ajˆ
αkˆiˆ
)
= P kˆ
αjˆiˆ
,
akˆ
αjˆiˆ
− akˆ
αiˆjˆ
= 0.
One of the solutions of this system is given by (5), but this system can have other solutions.
In the example we use the solution given by (5), taking another solution of the above system,
we can obtain the metric constructed by A. Ikemakhen.
Thus the choose of the functions uiˆ given by (9) guarantees us that the orthogonal part of
the holonomy algebra hol0 coincides with the given Riemannian holonomy algebra h ⊂ so(n)
(the other values of prso(n)(∇rR) does not give us any thing new). This also guarantees us the
inclusion Rn0 ⊂ hol0. The reason why we choose the function f as in theorem 1 can be easily
understood from the following formulas
pr
R
(
R
(
∂
∂x0
,
∂
∂xn+1
)
0
)
=
1
2
∂2f
(∂x0)2
(we use this for g1,h),
pr
R
(
∇α−1R
(
∂
∂xiˆ
,
∂
∂xn+1
;
∂
∂xn+1
; · · · ; ∂
∂xn+1
)
0
)
=
1
2
∂α+1f
∂x0∂xiˆ(∂xn+1)α−1
(we use this for g3,h,ϕ),
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pr
Rn
(
∇α−1R
(
∂
∂x
ˆˆ
i
,
∂
∂xn+1
;
∂
∂xn+1
; · · · ; ∂
∂xn+1
)
0
)
=
1
2
n∑
ˆˆ
j=n0+1
∂α+1f
∂x
ˆˆ
i∂x
ˆˆ
j(∂xn+1)α−1
eˆˆ
j
(for α = 0 we use this for all algebras, for α ≥ 0 we use this for g4,h,m,ψ).
Es application we construct metrics for the Lie algebras g2,g2 ⊂ so(1, 8) and g2,spin(7) ⊂ so(1, 9).
Example (Metric with the holonomy algebra g2,g2 ⊂ so(1, 8)). Consider the Lie sub-
algebra g2 ⊂ so(7). The vector subspace g2 ⊂ so(7) is spanned by the following matrices
([4])
A1 = E12 −E34, A2 = E12 −E56, A3 = E13 + E24, A4 = E13 − E67, A5 = E14 − E23,
A6 = E14 −E57, A7 = E15 + E26, A8 = E15 + E47, A9 = E16 − E25, A10 = E16 + E37,
A11 = E17 − E36, A12 = E17 −E45, A13 = E27 −E35, A14 = E27 + E46,
where Eij ∈ so(7) (i < j) is the skew-symmetric matrix such that (Eij)ij = 1, (Eij)ji = −1 and
(Eij)kl = 0 for other k and l.
Consider the linear map P ∈ Hom(R7, g2) defined as
P (e1) = A6, P (e2) = A4 + A5, P (e3) = A1 + A7, P (e4) = A1,
P (e5) = A4, P (e6) = −A5 + A6, P (e7) = A7.
It can be checked that P ∈ P(g2). Moreover, the elements A1, A4, A5, A6, A7 ∈ g2 generate the
Lie algebra g2.
The holonomy algebra of the metric
g = 2dx0dx8 +
7∑
i=1
(dxi)2 + 2
7∑
i=1
uidxidx8,
where
u1 = 2
3
(2x2x3 + x1x4 + 2x2x4 + 2x3x5 + x5x7),
u2 = 2
3
(−x1x3 − x2x3 − x1x4 + 2x3x6 + x6x7),
u3 = 2
3
(−x1x2 + (x2)2 − x3x4 − (x4)2 − x1x5 − x2x6), u4 = 2
3
(−(x1)2 − x1x2 + (x3)2 + x3x4),
u5 = 2
3
(−x1x3 − 2x1x7 − x6x7), u6 = 2
3
(−x2x3 − 2x2x7 − x5x7),
u7 = 2
3
(x1x5 + x2x6 + 2x5x6),
at the point 0 ∈ R9 is g2,g2 ⊂ so(1, 8).
Using computer it can be checked that dimP(g2) = 64. This means that we can construct
quite a big number of metrics with the holonomy algebra g2,g2 ⊂ so(1, 8).
Example (Metric with the holonomy algebra g2,spin(7) ⊂ so(1, 9)). Consider the Lie
subalgebra spin(7) ⊂ so(8). The vector subspace spin(7) ⊂ so(8) is spanned by the following
matrices ([4])
A1 = E12 + E34, A2 = E13 − E24, A3 = E14 + E23, A4 = E56 + E78, A5 = −E57 + E68,
A6 = E58 + E67, A7 = −E15 + E26, A8 = E12 + E56, A9 = E16 + E25, A10 = E37 −E48,
A11 = E38 + E47, A12 = E17 + E28, A13 = E18 −E27, A14 = E35 + E46, A15 = E36 −E45,
A16 = E18 + E36, A17 = E17 + E35, A18 = E26 −E48, A19 = E25 + E38, A20 = E23 + E67,
A21 = E24 + E57.
Consider the linear map P ∈ Hom(R8, spin(7)) defined as
P (e1) = 0, P (e2) = −A14, P (e3) = 0, P (e4) = A21,
P (e5) = A20, P (e6) = A21 − A18, P (e7) = A15 − A16, P (e7) = A14 −A17.
It can be checked that P ∈ P(spin(7)). Moreover, the elements A14, A15−A16, A17, A18, A20, A21 ∈
spin(7) generate the Lie algebra spin(7).
The holonomy algebra of the metric
g = 2dx0dx9 +
8∑
i=1
(dxi)2 + 2
8∑
i=1
uidxidx9,
where
u1 = −4
3
x7x8, u2 = 2
3
((x4)2 + x3x5 + x4x6 − (x6)2),
u3 = −4
3
x2x5, u4 = 2
3
(−x2x4 − 2x2x6 − x5x7 + 2x6x8),
u5 = 2
3
(x2x3 + 2x4x7 + x6x7), u6 = 2
3
(x2x4 + x2x6 + x5x7 − x4x8),
u7 = 2
3
(−x4x5 − 2x5x6 + x1x8), u8 = 2
3
(−x4x6 + x1x7),
at the point 0 ∈ R9 is g2,spin(7) ⊂ so(1, 9).
Note that dimP(spin(7)) = 112.
Proof of theorem 1. We will prove the theorem for the case of algebras of type 4. For other
types the proof is analogous.
Since the coefficients of the metric g are polynomial functions, the Levi-Civita connection given
by g is analytic and the Lie algebra hol0 is generated by the operators
R(X, Y )0,∇R(X, Y ;Z1)0,∇2R(X, Y ;Z1;Z2)0, ... ∈ so(1, n+ 1),
where ∇rR(X, Y ;Z1; ...;Zr) = (∇Zr · · ·∇Z1R)(X, Y ) and X , Y , Z1, Z2,... are vectors at the
point 0.
To prove the theorem we will compute the components of the curvature tensor and of its
derivatives.
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The non-zero Christoffel symbols for the metric g given by (8) are the following
Γ00n+1 =
1
2
∂f
∂x0
,
Γ0n+1n+1 =
1
2
(
−∑n0
iˆ=1
uiˆ
(
2 ∂u
iˆ
∂xn+1
− ∂f
∂xiˆ
)
+ ∂f
∂xn+1
)
+ ∂f
∂x0
(
f −∑n0
iˆ=1
(uiˆ)2
)
,
Γ0
iˆjˆ
= 1
2
(
∂uiˆ
∂xjˆ
+ ∂u
jˆ
∂xiˆ
)
,
Γ0
iˆn+1
= 1
2
∑n0
jˆ=1
ujˆ
(
∂uiˆ
∂xjˆ
− ∂ujˆ
∂xiˆ
)
+ 1
2
∂f
∂xiˆ
,
Γ0ˆˆ
in+1
= 1
2
∂f
∂x
ˆˆ
i
,
Γiˆ
jˆn+1
= 1
2
(
∂uiˆ
∂xjˆ
− ∂ujˆ
∂xiˆ
)
,
Γiˆn+1n+1 =
1
2
(
−2 ∂uiˆ
∂xn+1
− ∂f
∂xiˆ
+ uiˆ ∂f
∂x0
)
,
Γ
ˆˆ
i
n+1n+1 = −12 ∂f∂xˆˆi ,
Γn+1n+1n+1 = −12 ∂f∂x0 .
Suppose that dim z(h) ≥ n −m. Let f = 2ψ
αiˆ˜˜i
xiˆx
˜˜
i(xn+1)α−1 +
∑m
i˜=n0+1
(xi˜)2. We must prove
that hol0 = g
4,h,m,ψ. We have the following non-zero Christoffel symbols
Γ0n+1n+1 = −
n0∑
iˆ=1
uiˆ((α− 1)aiˆ
αjˆkˆ
xjˆxkˆ(xn+1)α−2 − ψ
αiˆ˜˜i
x
˜˜
i(xn+1)α−1)+
(α− 1)ψ
αiˆ˜˜i
xiˆx
˜˜
i(xn+1)α−2, (12)
Γ0
iˆjˆ
=
1
2
(aiˆ
αjˆkˆ
+ ajˆ
αiˆkˆ
)xkˆ(xn+1)α−1, (13)
Γ0
iˆ,n+1
=
1
(α− 1)!u
jˆP iˆ
αjˆkˆ
xkˆ(xn+1)α−1 + ψ
αiˆ˜˜i
x
˜˜
i(xn+1)α−1, (14)
Γiˆ
jˆn+1
=
1
(α− 1)!P
iˆ
αjˆkˆ
xkˆ(xn+1)α−1, (15)
Γ0
i˜n+1
= xi˜, (16)
Γ0˜˜
in+1
= ψ
αiˆ˜˜i
xiˆ(xn+1)α−1, (17)
Γi˜n+1n+1 = −xi˜, (18)
Γ
˜˜
i
n+1n+1 = −ψαiˆ˜˜ixiˆ(xn+1)α−1. (19)
In particular, note the following
Γkij = Γ
n+1
bc = Γ
b
0c = Γ
i
ˆˆ
in+1
= 0. (20)
For r ≥ 0 letRbc,d,f ;f1;...;fr be the functions such that∇rR( ∂∂xd , ∂∂xf ; ∂∂xf1 ; · · · ; ∂∂xfr ) ∂∂xc = Rbc,d,f ;f1;...;fr ∂∂xb .
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One can compute the following components of the curvature tensor
Rkˆ
jˆ iˆ n+1
=
1
(α− 1)!P
kˆ
αjˆiˆ
(xn+1)α−1, R
ˆˆ
k
jiˆ n+1
= 0, (21)
Rkjbc = 0 if (b, c) /∈ {1, ..., n0} × {n+ 1} ∪ {n+ 1} × {1, ..., n0}, (22)
R0˜˜
iˆin+1
= ψ
αiˆ˜˜i
(xn+1)α−1, (23)
R0˜˜
ibc
= 0 if (b, c) /∈ {1, ..., n0} × {n+ 1} ∪ {n+ 1} × {1, ..., n0}, (24)
R0
kˆiˆjˆ
=
1
(α− 1)!P
jˆ
αiˆkˆ
(xn+1)α−1, (25)
R0
i˜˜in+1
= 1, Ri˜
n+1 i˜n+1
= −1, Rb
c˜in+1
= 0 if (b, c) 6= (0, i˜) and (b, c) 6= (˜i, n+ 1), (26)
R00bc = 0. (27)
Using (20), we get
ΓhbfR
f
cdg = Γ
h
biR
i
cdg, Γ
f
bhR
c
fdg = Γ
i
bhR
c
idg, Γ
f
bhR
c
dfg = Γ
i
bhR
c
dig, Γ
f
bhR
c
dgf = Γ
i
bhR
c
dgi. (28)
From equalities (12) – (19) it follows that
ΓibcR
d
ief = Γ
iˆ
bcR
d
iˆef
, ΓibcR
d
eif = Γ
iˆ
bcR
d
eˆif
, ΓibcR
d
efi = Γ
iˆ
bcR
d
ef iˆ
if b 6= n + 1 or c 6= n+ 1, (29)
ΓbicR
i
def = Γ
b
iˆc
Riˆdef if b 6= 0 or c 6= n + 1. (30)
Proof of the inclusion g4,h,m,ψ ⊂ hol0.
Lemma 1 For any 1 ≤ r ≤ N we have
1) Rkˆ
jˆ iˆn+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
=
∑N
α=r
1
(α−r)!P
kˆ
αjˆiˆ
(xn+1)α−r+ykˆ
αjˆiˆr
, where ykˆ
αjˆiˆr
are functions such
that ykˆ
αjˆiˆr
(0) =
(
∂ykˆ
αjˆiˆr
∂xn+1
)
(0) = · · · = 0;
2) R0˜˜
iˆin+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
=
∑N
α=r
(α−1)!
(α−r)!ψαiˆ˜˜i(x
n+1)α−r+ zkˆ
αjˆiˆr
, where zkˆ
αjˆiˆr
are functions such
that zkˆ
αjˆiˆr
(0) =
(
∂zkˆ
αjˆiˆr
∂xn+1
)
(0) = · · · = 0.
Proof. We will prove this lemma by induction over r. For r = 1 the lemma follows from (21)
and (23). Fix r0 > 1 and assume that the lemma is true for all r < r0. We must prove that the
lemma is true for r = r0. We have
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Rkˆ
jˆ iˆn+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r times
=
∂Rkˆ
jˆiˆn+1;n+1;··· ;n+1(r−1 times)
∂xn+1
+ Γkˆn+1 lR
l
jˆ iˆn+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
−Γl
n+1 jˆ
Rkˆ
lˆin+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
− Γl
n+1 iˆ
Rkˆ
jˆln+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
−Γln+1n+1Rkˆjˆiˆl;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
−Γln+1n+1Rkˆjˆiˆn+1;l;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−2 times
− · · · − Γln+1n+1Rkˆjˆ iˆn+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−2 times
;l
=
∑N
α=r+1
1
(α−r−1)!P
kˆ
αjˆiˆ
(xn+1)α−r−1 +
∂ykˆ
αjˆiˆr
∂xn+1
+ y˜kˆ
αjˆiˆr
=
∑N
α=r+1
1
(α−r−1)!P
kˆ
αjˆiˆ
(xn+1)α−r−1 + ykˆ
αjˆiˆr+1
.
Claim 1) follows from the fact that all Christoffel symbols and all their derivatives with respect
to xn+1 vanish at the point 0. The proof of claim 2) is analogous. The lemma is proved. ✷
From lemma 1 it follows that for any 1 ≤ r ≤ N we have
Rkˆ
jˆiˆn+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
(0) = P kˆ
rjˆiˆ
, (31)
R0˜˜
iˆin+1;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
(0) = (r − 1)!ψ
riˆ˜˜i
. (32)
Similarly we can prove that from (21) it follows that
R
ˆˆ
k
iˆin+1;n+ 1; · · · ;n + 1︸ ︷︷ ︸
r−1 times
(0) = 0. (33)
From (11), (31), (32) and (33) it follows that
R(eiˆ, en+1; en+1; · · · ; en+1︸ ︷︷ ︸
r−1 times
)0 = (0, Pr(eiˆ), Xriˆ + ψ(Pr(eiˆ))), (34)
whereXriˆ ∈ span{e1, ..., em}. Since the elements Pr(eiˆ) generate the Lie algebra h and prso(n) hol0
is a Lie algebra, from (34) we get
h ⊂ prso(n) hol0. (35)
Using (25) we can prove that for all 1 ≤ r ≤ N we have
R0
kˆiˆjˆ;n+ 1; · · · ;n+ 1︸ ︷︷ ︸
r−1 times
(0) = P jˆ
riˆkˆ
.
This means that
(0, 0, P jˆ
riˆkˆ
ejˆ) ∈ hol0. (36)
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Recall that we have decompositions (1), (2) and (3). Since h is generated by the images of the
elements Pα, for any 2 ≤ i ≤ s there exist α, iˆ, jˆ, kˆ such that n1+· · ·+ni−1+1 ≤ jˆ ≤ n1+· · ·+ni
and P jˆ
αiˆkˆ
6= 0. Combining this with (36), we get
{(0, 0, X)|X ∈ Rni} ∩ hol0 6= {0}.
Since hi ⊂ so(ni) is an irreducible subalgebra, hi ⊂ prso(n) hol0, and for any A ∈ h, Z ∈ Rn,
Y ∈ Rni holds
[(0, A, Z), (0, 0, Y )] = (0, 0, AY ) ∈ {(0, 0, X)|X ∈ Rni} ∩ hol0,
we see that
{(0, 0, X)|X ∈ Rni} ⊂ hol0,
hence,
{(0, 0, X)|X ∈ span{e1, ..., en0}} ⊂ hol0. (37)
From (26) it follows that R(ei˜, q) = (0, 0, ei˜), hence,
{(0, 0, X)|X ∈ span{en0+1, ..., em}} ⊂ hol0. (38)
From (34), (37), (38) and the fact that h is generated by the elements Pα(eiˆ) it follows that
g4,h,m,ψ ⊂ hol0.
Proof of the inclusion hol0 ⊂ g4,h,m,ψ.
Lemma 2 For any r ≥ 0 we have
1) Rkjil;f1;··· ;fr = 0;
2) R
ˆˆ
i
jin+1;f1;··· ;fr = 0;
3) R0˜˜
iil;f1;··· ;fr
= 0;
4) Rkˆ
jˆ
ˆˆ
in+1;f1;··· ;fr
= 0;
5) R0˜˜
iˆˆin+1;f1;··· ;fr
= 0;
6) R00bc;f1;··· ;fr = 0;
7) Rkˆ
jˆ iˆn+1;f1;··· ;fr =
∑
t∈T
iˆf1...fr
ztA
kˆ
tjˆ
, where Tiˆf1...fr is a finite set of indeces, zt are functions
and At ∈ h.
8) R0˜˜
iˆin+1;f1;··· ;fr
=
∑
t∈T
iˆf1...fr
ztψt˜˜i, where ψt˜˜i are numbers such that ψ(At) =
∑n
˜˜
i=m+1
ψ
t˜˜i
e˜˜
i
.
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Proof. We will prove the claims of the lemma by induction over r. For r = 0 the claims follow
from (21) – (27). Fix r > 0 and assume that the lemma is true for r. We must prove that the
lemma is true for r + 1.
1) We have
Rkjil;f1;··· ;fr;l1 =
∂Rk
jil;f1;··· ;fr
∂xl1
+ Γkl1l2R
l2
jil;f1;··· ;fr − Γl2l1jRkl2il;f1;··· ;fr
−Γl2l1iRkjl2l;f1;··· ;fr − Γl2l1lRkjil2;f1;··· ;fr − Γl2l1f1Rkjil;l2;f2:··· ;fr − · · · − Γl2l1frRkjil;f1:··· ;fr−1;l2 .
From (20) and the inductive hypothesis it follows that
Rkjil;f1;··· ;fr;l1 = 0.
Similarly,
Rkjil;f1;··· ;fr;n+1 =
∂Rk
jil;f1;··· ;fr
∂xn+1
+ Γkn+1 l2R
l2
jil;f1;··· ;fr − Γl2n+1 jRkl2il;f1;··· ;fr − Γl2n+1 iRkjl2l;f1;··· ;fr
−Γl2n+1 lRkjil2;f1;··· ;fr − Γl2n+1 f1Rkjil;l2;f2:··· ;fr − · · · − Γl2n+1 frRkjil;f1:··· ;fr−1;l2 = 0.
Claim 1) is proved. The proofs of claims 2) – 6) are analogous.
7) We have
Rkˆ
jˆ iˆn+1;f1;··· ;fr;l =
∂Rkˆ
jˆiˆn+1;f1;··· ;fr
∂xl
+ Γkˆll1R
l1
jˆ iˆn+1;f1;··· ;fr − Γ
l1
ljˆ
Rkˆ
l1 iˆn+1;f1;··· ;fr − Γ
l1
lˆi
Rkˆ
jˆl1n+1;f1;··· ;fr
−Γl1ln+1Rkˆjˆiˆl1;f1;··· ;fr − Γ
l1
lf1
Rkˆ
jˆ iˆn+1;l1;f2:··· ;fr − · · · − Γ
l1
lfr
Rkˆ
jˆiˆn+1;f1:··· ;fr−1;l1 .
From (20), claim 1) of the lemma and the inductive hypothesis it follows that
Rkˆ
jˆ iˆn+1;f1;··· ;fr;l =∑
t∈T
iˆf1...fr
∂zt
∂xl
Akˆ
tjˆ
−
n∑
l1=1
∑
t∈T
iˆl1f2...fr
ztΓ
l1
lf1
Akˆ
tjˆ
− · · · −
n∑
l1=1
∑
t∈T
iˆf1...fr−1l1
ztΓ
l1
lfr
Akˆ
tjˆ
. (39)
Furthermore, Rkˆ
jˆ iˆn+1;f1;··· ;fr;n+1 =
∂Rkˆ
jˆiˆn+1;f1;··· ;fr
∂xn+1
+ Γkˆn+1 l1R
l1
jˆiˆn+1;f1;··· ;fr − Γ
l1
n+1 jˆ
Rkˆ
l1 iˆn+1;f1;··· ;fr − Γ
l1
n+1 iˆ
Rkˆ
jˆl1n+1;f1;··· ;fr
−Γl1n+1n+1Rkˆjˆ iˆl1;f1;··· ;fr − Γ
l1
n+1 f1
Rkˆ
jˆ iˆn+1;l1;f2:··· ;fr − · · · − Γ
l1
n+1 fr
Rkˆ
jˆiˆn+1;f1:··· ;fr−1;l1 .
From (15) and (20) it follows that
Γkˆn+1 l1R
l1
jˆiˆn+1;f1;··· ;fr−Γ
l1
n+1 jˆ
Rkˆ
l1 iˆn+1;f1;··· ;fr =
1
(α− 1)!x
lˆ2(xn+1)α−1[Pα(elˆ2), R(eiˆ, en+1; ef1 ; ...; efr)]
kˆ
jˆ
.
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Using this, claim 1) and inductive hypothesis, we get
Rkˆ
jˆ iˆn+1;f1;··· ;fr;n+1 =
∑
t∈T
iˆf1...fr
∂zt
∂xn+1
Akˆ
tjˆ
+
1
(α− 1)!x
lˆ2(xn+1)α−1[Pα(elˆ2), R(eiˆ, en+1; ef1 ; ...; efr)]
kˆ
jˆ
−
n∑
l1=1
∑
t∈Tl1f1...fr
ztΓ
l1
n+1ˆi
Akˆ
tjˆ
−
n∑
l1=1
∑
t∈T
iˆl1f2...fr
ztΓ
l1
n+1f1
Akˆ
tjˆ
− · · · −
n∑
l1=1
∑
t∈T
iˆf1...fr−1l1
ztΓ
l1
n+1fr
Akˆ
tjˆ
. (40)
This proves claim 7).
8) We have
R0˜˜
iˆin+1;f1;··· ;fr;l
=
∂R0˜˜
iiˆn+1;f1;··· ;fr
∂xl
+ Γ0ll1R
l1
˜˜
iˆin+1;f1;··· ;fr
− Γl1
l˜˜i
R0
l1iˆn+1;f1;··· ;fr − Γ
l1
lˆi
R0˜˜
il1n+1;f1;··· ;fr
−Γl1ln+1R0˜˜iˆil1;f1;··· ;fr − Γ
l1
lf1
R0˜˜
iˆin+1;l1;f2:··· ;fr
− · · · − Γl1lfrR0˜˜iˆin+1;f1:··· ;fr−1;l1.
Using this, (20), claims 2) and 3), and the inductive hypothesis, we get
R0˜˜
iˆin+1;f1;··· ;fr ;l
=
∑
t∈T
iˆf1...fr
∂zt
∂xl
ψ
t˜˜i
−
n∑
l1=1
∑
t∈T
iˆl1f2...fr
ztΓ
l1
lf1
ψ
t˜˜i
− · · · −
n∑
l1=1
∑
t∈T
iˆf1...fr−1l1
ztΓ
l1
lfr
ψ
t˜˜i
. (41)
Finally,
R0˜˜
iˆin+1;f1;··· ;fr;n+1
=
∂R0˜˜
iiˆn+1;f1;··· ;fr
∂xn+1
+ Γ0n+1 l1R
l1
˜˜
iˆin+1;f1;··· ;fr
− Γl1
n+1˜˜i
R0
l1iˆn+1;f1;··· ;fr − Γ
l1
n+1 iˆ
R0˜˜
il1n+1;f1;··· ;fr
−Γl1n+1n+1R0˜˜
iˆil1;f1;··· ;fr
− Γl1n+1 f1R0˜˜iˆin+1;l1;f2:··· ;fr − · · · − Γ
l1
n+1 fr
R0˜˜
iˆin+1;f1:··· ;fr−1;l1
.
Using this, (20), claims 2) and 3), and the inductive hypothesis, we get
R0˜˜
iˆin+1;f1;··· ;fr;n+1
=
∑
t∈T
iˆf1...fr
∂zt
∂xn+1
ψ
t˜˜i
−
n∑
l1=1
∑
t∈Tl1f1...fr
ztΓ
l1
n+1ˆi
ψ
t˜˜i
−
n∑
l1=1
∑
t∈T
iˆl1f2...fr
ztΓ
l1
n+1f1
ψ
t˜˜i
− · · · −
n∑
l1=1
∑
t∈T
iˆf1...fr−1l1
ztΓ
l1
n+1fr
ψ
t˜˜i
. (42)
Combining (39) with (41) and (40) with (42) and using the fact that ψ|h′ = 0, we see that claim
8) is true. The lemma is proved. ✷
From lemma 2 it follows that
hol0 ⊂ g4,h,m,ψ.
Thus,
hol0 = g
4,h,m,ψ.
The theorem is proved. ✷
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